Ch. 4 Sensitivity Analysis, Duality and Interior Point Methods Additional Exercises

12. Thefollowing linear program was solved with the big-M method.

Minimize Z=3X) +6Xy X3 =Xy
subject to X1+ Xy +X3 +X4 =12

X13 0 j=1,..,4

The optimal tableau is shown below. Write the dua linear program and find its

solution from the tableau.

Basic Coefficients
Row |variable Z X1 Xo X3 X4 Xs1 X0 RHS
S
0 yA 1 4 7 2 0 M+1 0 12
1 X4 0 1 1 1 1 1 0 12
2 Xso 0 5 6 2 0 1 1 27

14. Prove Theorem 6 that establishes complementary slackness.

15. Using matrix notation, write out the steps of the revised dual simplex algorithm. Use
the dual simplex algorithm and the revised primal simplex algorithm in Chapter 3 as

16.

guides.

Consider the following integer program.

Maximize z = X + X,
subject to —11X] +4Xy —X3 =4
2X) + Xy + Xy =3
—6X1 +4x%, +Xg =7

X 2 Oandinteger forj =1,...,5

One way to approach an integer program isto begin by relaxing the integer

requirements and solve the resulting linear program. When thisis done for the

problem above the optimal basic vector Xg = (X4, X, X3). Using the simplex tableau

method or the revised simplex method, determine the corresponding solution and

find the basisinverse.




The cutting plane method for integer programming adds a constraint to the
linear program called a"cut." For this cut to be valid, it should make the current
continuous sol ution infeasible without removing any feasible integer solution. A
valid cut for this problem is the constraint

3Xq + X532 2
Using a surplus variable xg, this constraint can be written as
—3%, — X5+ Xg =2

Add this constraint to the problem and use either the revised or tableau form of the
dua simplex algorithm to obtain a feasible solution. The variable xg should be the

basic variable for the new row.

17. You are given the following integer program.
Maximize z = —X; =X,
subject to 4x, +10x, 3 12
10x; + 4%, 3 12
X1 3 0,%,3 0andinteger

By relaxing the integrality requirement and solving the resulting linear program, the
optimal solution has Xz = (X;, X5) with
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Starting from this solution, sequentially add the cuts:

4y + 9%, 3 12 (C1)
4x; + 8%y 3 12 (C2
X, +4x, 3 12 (C3)
8xy +4x, 3 12 (CH

After each cut is added, reoptimize with either the revised or tableau form of the dual
simplex algorithm. The final solution should have integer values for all the
variables.

24. Concave Quadratic Programming Problem (Bertsimas and Tsitsiklis 1997)

Consider the following nonlinear optimization problem.



. 1
Maximize cx +3 X QX

subjectto Ax=b,x3 0

whereQisann” n negative semidefinite matrix (that is, x'Qx £ 0 for al x). The
associated logarithmic barrier problem is

1 n
Maximize cx+3Xx Qx+ud log(x;)
subjectto Ax=Db j=1

The corresponding optimality conditions for this problem are

Ax(w) = b
—Qx(w) + ATn(w) —z(uw) = ¢’
X(WZ(we = ne

where X(u) = diag{x (), ..., X,(W)}, Z(u) = diag{ (W), ..., z,(1)} and e =
a,..,1)"

a Apply theideasin Section 4.3 to show that the Newton equations for this
nonlinear system with p fixed are:

Ad, = 0
T _
-Qd, + A dn—dZ =0
de+XdZ = me-XZe

Assume that an initial interior point is available.

b. Work through the algebrato show that the solution to the linear system in part
(a) isgiven by

d, = (AQZ -XQ) ™ XAT?A(Z - XQ)H(ue-Xze)
d,=-X7"Y(zd, —pe+ XZe)
dy = (Z -XQ)(ue-XZe-XATd)

c. Based ontheresultsin part (b), develop a primal-dua path following interior
point algorithm to solve the original quadratic program.



25. Develop the equivalent of the Newton equations (7) and Newton directions (8) - (10)
for the liner program given with inequality constraints; i.e.,

Maximize cx
subjectto Ax£Db,x30

To begin, add slacks, write the dua and then formulate the necessary conditionsasin
Table 11.



